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1 Notes

In kinematics, we have discussed motion without caring about where it stems from. Now, we
will go into details of how motion arises through forces.

1.1 Newton’s Laws of Motion

Let’s briefly recap Newton’s Laws of Motion, which you should have learned long ago.

1.1.1 Newton’s First Law

A body with no net force acting on it will move with either constant velocity or zero velocity,
depending on the initial conditions. Such a body is said to be in equilibrium.

1.1.2 Newton’s Second Law (N2L)
This should be second nature to all of you.
F:=ma (1)

You are highly recommended to draw free-body diagrams and label all forces in the set-up, so
that you don’t miss out any.

Example 1.1 (SPhO 2010). A block of mass M rests on a fixed plane inclined at angle §. A
horizontal force of magnitude Mg is applied to the block, as shown in the figure below. The
coefficient of static friction between the block and the plane is p. (i) Assuming that the friction
force between the block and the plane is large enough to keep the block at rest, determine the
magnitude of the normal and friction forces (call then N and f) that the plane exerts on the
block in terms of M and p. (ii) Determine the range of angles 6 for which the block remains at
rest on the plane in terms of u.

You should realise it is better to resolve forces parallel to and perpendicular to the incline. Thus,
applying the equilibrium condition along these two axes,

f=Mgcosf — Mgsinf
N = Mgsinf + Mgcosf
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(ii) Two things could happen here.
1. The applied force is too small, and the block is on the verge of slipping downwards.
2. The applied force is too large, and the block is on the verge of slipping upwards.

It is a common mistake to miss out one of the cases! For either case, at the extreme case when
the block is about to slip, we have f = ulV.

For Case 1, the free-body diagram is similar to the one drawn above, except with friction
pointing in the opposite direction. Thus, we have

f=Mgsind — Mgcosf
instead, and NV remains unchanged. Thus, at the extreme,
Mgsin® — Mgcosf = pu(Mgsinf + Mgcos@)

B sin @ — cos @ B tanf — 1
H= sinf +cosf  tanf + 1

:tan(G—Z) = 9:£+tan_1u
For Case 2, the free-body diagram is exactly the one drawn above. Thus, at the extreme,

Mgcos — Mgsin® = p(Mgsin + Mg cos @)

cos@ —sinf 1 —tané (
= n

= ta 7T«9> = 0=__tan!
sinf +cosf tanf+1 N a

4 4

As these are the extreme cases, they give the bounds for our range of . Thus,

%—tan_lugﬁggjttan_lu

Again, before you conclude a problem, check that you haven’t missed out any cases!
Unfortunately, most of the time, just using N2L is not enough to solve most mechanics questions.

While forces are the most fundamental, you’ll need more concepts which we will be introducing
in the next sections, to solve Olympiad problems efficiently.

1.1.3 Choice of System
Depending on the situation, you are free to choose what objects define your system. You may
then ignore the internal forces within your system.

The following example illustrates how to choose your system wisely.

Example 1.2. A force is applied on the left end of an arrangement of n identical blocks of mass
m that are connected by strings. The coefficient of kinetic friction between the blocks and the
ground is p. All strings remain taut in the process of the blocks’ motion. Find the tension 7T; in
the string between the ith and (i 4+ 1)th blocks as the blocks accelerate.

F T T T
«— 1 2 3 i i+1 n
f f f f f f
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You might first consider your system to be all the blocks. By doing so, all the tensions are
regarded as internal forces, which you can ignore. Thus, N2L is written as

F—nf=nMa
where f = uIN = uMg is the kinetic friction on each block.
Instead, if we look at the first to the ith block as our system, N2L is written as

F—if—T,=iMa

And, when we look at the ith to the nth block as our system, N2L is written as
Ti—(n—i)f=(Mm—i)Ma
We have 3 equations and 3 unknowns, so solving for T;,

n—1

T, = F

n

1.1.4 Newton’s Third Law

If body A exerts a force on body B, body B exerts a force of the same magnitude but opposite
direction on body A. These two forces act on different bodies.

1.2 Systems of Masses

There are better ways to analyse dynamics than analysing F = ma on every single particle.

1.2.1 Centre of Mass (CM)

Consider a system of N discrete point masses, mi,ms,...,my, with positions ry,ro,...,rN
respectively. The CM is located at

Y mar; 1
roym = — = m;Tr; (2)
Zz‘]\il m; Mtotal ;1 o

You may think of this as a "weighted sum" of masses, with the "weights" being their positions.

However, most real objects are not well-modelled by point masses. For a continuous mass
distribution, the CM is located at

_Jrdm 1 /
roym = Tdm ~ Mg rdm (3)

or in Cartesian coordinates, oy = Mtim Jxzdm, your = Mtim Jydm, zonm = Mtitul [ zdm.

In SPhO, you’ll likely only find the CM for situations with symmetry along one or two axes.
Using symmetry, you can quickly deduce the position of the CM along some axes. Here’s an
example to illustrate this.

Example 1.3. Consider a strange, non-uniform cone of base radius R and height H, with its
tip at the origin. Its density varies along the z-axis as p(z) = k2> for some constant k. Find the
position of its CM.
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Notice that the non-uniformity only occurs along the z-axis. By symmetry of the cone through
the z-axis, we can instantly conclude

rom =Yom =0
Hopefully you saw this instantly! That is the power of symmetry.

Back to the z-axis, consider disks of thickness dz and radius r at height z. By similar tri-
angles, r = %z. Thus,

2
Jzdm [ epmrdz) R R (F) de A g

R
H
2CM = 70 D) 6
J dm Jo" prr? dz J (%) Bde 5 T

Thus, the CM is at (0, 0, %H).

The position of the CM is the point at which the total gravitational force effectively acts
on the object, assuming a uniform gravitational field.

1.2.2 CM of Isolated Systems

From Equation (1), the CM of an isolated system (F = 0) cannot accelerate. If the CM was
initially at rest, then the CM will not move.

The non-movement of the CM is an essential idea. We call this the conservation of CM.

Example 1.4. Consider a boat of length L and mass M. A dog of mass m starts at the left
end of the boat. The boat floats freely on water. After the dog runs to the right end and stops,
how much has the boat moved from its initial position?

Because the boat floats freely, the boat—dog system experiences no net external force. Let the
origin of our coordinate system be the initial position of the left end. Then,

M(%)+m(0) ML
M+m — 2(M+m)

TCM,i =

Suppose the boat has moved a distance x from its original position, where x < 0 if to the left
and x > 0 if to the right. Then, the boat’s center is now at x + %, and the dog is at x + L. Thus,

M(z+%)+m(z+L) +M%+mL.

TeM,f = M+m T T m
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By conservation of CM, zcwm; = zowm, £, SO

ML ML +mL mL
T = - = -
2 (M +m) M+m M+m’
with the negative sign meaning the boat moved to the left (opposite the dog’s run).

In general, if you have a complex motion in between two well-defined states, this idea can be
used. In this case, the complex motion is the dog’s run, and the two well-defined states are the
start and the end of the motion. Notice we didn’t even specify the dog’s velocity or how it runs,
because it doesn’t depend on it at all!

1.3 Momentum and Impulse

As seen earlier, the (linear) momentum p is defined by
p=mv (4)
Impulse is defined by
J— / F dt (5)

The impulse-momentum theorem marries the two together:

J=Ap (6)

1.3.1 Conservation of Momentum (COM)

In the absence of net external force, the total momentum is conserved. This is called the
conservation of momentum (COM). Mathematically,

F=0 = p=constant (7)

Or, if a net external force exists, then
dp
= 8
g (8)
This looks different from Equation (1). In reality, this definition of F' is the correct one, because
Equation (1) assumes a constant mass. You will see more examples on how to apply this to
changing mass systems later on.

F

1.3.2 Collisions

In all collisions, the total momentum is conserved. In perfectly elastic collisions, the total
kinetic energy is conserved too. In perfectly inelastic collisions, the objects stick together
and have 0 relative velocity after collision.

Normal methods (which you should have learnt) of solving the equations conserving momentum
along x and y-axes and conserving energy (for elastic collisions) always work. It may sometimes
be more helpful to define the coefficient of restitution (COR):

relative speed of separation vy — v

€= = (9)

relative speed of approach Ul — U2

where u1, ug are the initial speeds and vy, v are the final speeds. Signs are important here,
since we are dealing with relative speeds!
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The COR satisfies the following;:
1. 0 < e < 1. For perfectly inelastic collisions, € = 0. For perfectly elastic collisions, £ = 1.
2. It can only be applied along the line of impact!

What does "along the line of impact" mean? The following example illustrates.

Example 1.5. 2 pucks collide elastically on a frictionless table. Puck A has mass m4 = 0.5
kg and puck B has mass mp = 0.3 kg. Puck A has an initial velocity of 4 m/s in the positive
x-direction and a final velocity of 2 m/s in an unknown direction. Puck B is initially at rest.
Determine the final speed vpo of puck B and the angles o and 3.

¥
,.-—L_v,u =400mfs B (atres)

BEFORE - o x
o‘l g =0500ks "o my = 0300ks
y ¥

Y =200 m}}z’

. — a
..\A' =, x

AFTER > ._,‘[%
Up2 B

~

Of course, you can solve this like any normal collision problem. But, let’s be neat and apply the
fact that € = 1 along the line of impact, for an elastic collision.

Conserving momentum perpendicular to the line of impact,
varsin 8 = vag sin(a + B)
Using € = 1 parallel to the line of impact,
vA1 €08 B = vpa — Va2 cos(a + 3)

Not forgetting, conserving kinetic energy,

1 2
SMAVA =
5 Al

1

2

2 1 2
MAV Ay + 2m3v32
This offers an advantage over conserving momentum in the x and y-axes. The equations (write
them out yourself as an exercise!) are messier to deal with as they contain m4 and mpg, while
our first 2 equations here don’t.

1.3.3 Collisions in the CM Frame

The CM frame is a powerful tool to analyse collisions. We define the CM velocity:

mivy + mava
voy=—"-"= 10
“ my + ma (10)
In the CM frame, the total momentum of a system must be 0. Recall from kinematics
how to transform quantities from one frame to another. To transform the velocity in the lab
frame to the CM frame, we have

Vi,CM = Vilab — VOM (11)
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Now, transform the 2 masses that we are considering, m; and me, with lab frame velocities v
and vo respectively, into the CM frame. The new velocities are

m2

VoM =Vi— Ve = e (vi —va) (12)
ma
VooM = V2 — VoM R, (va —v1) (13)

You may verify yourself that mivi oy + mavo oy = 0. Thus, the outgoing velocities after
collision (denoted as primed quantities) in the CM frame, by COM, satisfy

! /
mivy cpr +mavyopr =0 (14)
This means m
/ 1_y
Vooum = ——Vicm (15)
mo

which means v}, ,, and v} ~,, point in opposite directions.

Thus, this means that in the CM frame, the masses always leave in directions opposite to
each other! The figure below illustrates what is happening.

Lab
M, VI ml
° ——~3 °o —)

CM Fra me

e -0
™M, Vl,cm V-’-ptM M, ll,l’;i’\ = O
e — — o

\U/ collision
/
/\ Vi em
o
/
/ﬂ\,r.M

Remark. If you use the CM frame to find some quantity, be careful and remember to convert
it back to the lab frame!

Now, let’s see how the CM frame can be helpful in solving collision problems.

Example 1.6. Find the maximum angle of deviation, 6, that a particle of mass m; can deviate
from its original path after an elastic collision with mass mo initially at rest.

Let m; initially move with velocity vi, so that

my
Ve = ————V1
m1 + mg
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The initial velocities of the particles in the CM frame are

m1 ma
VicM =Vl — ————V] = ———V
mi1 + ms mi1 + msg
_ my _ my
Vo.0M = T oVIOM = T V)
2 1 2

You should verify that the total momentum is 0.

After the collision, V/LC p can be in any direction - we don’t know yet. Regardless of the
direction, in the lab frame, the final velocity will be v} = veun + Vi oy

However, we know that ’v’l CM‘ is fixed, regardless of direction. Geometrically, if we fix

an origin for the vector V’LC - the locus of all points it can point to is a circle of radius ‘V’LC M‘.

The last piece of information we need is that the collision is elastic. As energy is conserved,

1 2 1 2 1 ! 2 1 / 2
sma[viem|” + sme [veou|” = 5 ’VLCM’ + 5m2 ’VZC‘M’

2 2
And, from Equation (15),
/ my_, ‘ / ‘ mi|_, ’
A% = ——V = Vv = —
2,CM Ty * HCM 2oM| = o [Viem
Substituting this into the COE equation, you will obtain
Vien| = Ivieml = =2 |vi|
’ mp 4+ ma

which means that the speed of m; remains unchanged after an elastic collision, in the CM frame!
Thus, we may draw a vector diagram illustrating v| = voar + v’LC A as such:

Y

Notice that 6 is maximised when v/ is tangent to the semi-circle, containing all possible directions
v o could point in relative to veas. Thus,

‘Vﬁ C’M‘
§=sin ' | L2 —gin~! (|v1’0M|) = gin ! <m2>
Vo] [veu| my

This doesn’t make sense when mo > mj. But physically, we know that m; still has to bounce
back somehow. In this case, it will just bounce back directly, giving § = w. Thus, you should
write your final answer as:

in (M2
B ar051n<m1), meo < My

T, M9 > My
So, before you finish a problem, check it for extreme cases and consider all possible regimes!
Of course, you could have done this problem without going into the CM frame at all. You may

try this as an exercise. By doing so, you would have to grind through a lot of algebra, which
could have been avoided if you knew about the CM frame method presented here!
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1.4 Work, Energy and Power

Generally speaking, there are two types of energy you need to know.

1. Kinetic Energy (KE): It is simply given by %m’uQ.

2. Potential Energy (PE): There are many forms of PE. Most commonly, you will encounter
gravitational PE (GPE), elastic PE (EPE), and electric PE (also EPE).
You should also know that power is the rate of doing work,

dW AW  [Pdt
-Pins antaneous — ~ 3, — F- y Pavera e = ———— = 1

1.4.1 Conservation of Energy (COE)

The total energy of an isolated system remains constant. Loosely speaking, we can write
Ki+U; =Ky + Uy (17)

accounting for both kinetic (KX) and potential (U) energies.

1.4.2 Work Done

The work done by a force F between two points, r; and ry is defined by
ry
W= / F.dr (18)
r;

In Cartesian coordinates, dr = dai + dyj + dzk.

Example 1.7 (Ricardo). Find the work done by the force F = %1 — 22y?j between (0,0) and

(2,4), through a curve given by y = z2.

In 2D, we have dr = dzi + dyj, thus
F.dr = (xQI - 2xy25> . (dmi + dyj) =22 dx — 22y dy
Since y = 22, dy = 2z dz, thus
F.dr=2?ds — 2z (x2)2 (2z dx) = (xz — 4x6) dx

Thus, the work done is

2 3 772
9 6 T 4z 1480
/0 (x x)dw [3 7] 21

Work is linked to kinetic energy through the work-energy theorem:

Wtotal =AK (19)

1.4.3 Conservative Forces

Conservative forces are a special type of forces whereby the work done in moving a particle
between two points is independent of the path taken, and only depends on the initial and
final positions.

Only for conservative forces, we may ascribe a potential energy function, U, whereby

. B
U(r):—/F-dr, WAQB:/ F.dr:=Us—Up (20)
ro A

where rg is a reference point (usually at 0o).

10
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For a conservative force, the following results hold:
1. W = —AU. The negative sign is important!
2. Weiosedioop = 0. The work done by a conservative force through a closed loop is 0.
Some examples of conservative forces are gravitational force and spring force. These forces

are conservative because they have potential energy functions - the GPE and EPE respectively!

In contrast, some examples of non-conservative forces are friction and air resistance. Clearly,
the work done by these forces depends on the path taken by the particle.

Revisiting our COE equation in Equation (17), work done gives us an alternative way of
writing it, in terms of the work done by non-conservative forces,

AE - Wnon—conservative (21)

where F = K + U is the total energy. This means that total energy is conserved if there is
no net work done by non-conservative forces. You already know this - when friction is
present, you cannot apply COE, because the non-conservative friction force does work!

Example 1.8. Given a charge ¢ at the origin and charge @ at r, find the electric potential
energy. The force acting on () as a function of position is F = 472(?7"2 t. Take the point at infinity
to have 0 potential energy.

Using Equation (20), we have
vy == [(Far=— [ L= [ g [
o

r pu—
0o 4megr? 0o 4megr? Amegr | 4Amegr

The lower bound of integration here is oo, since that is our reference point of 0 potential energy.

1.4.4 Energy With Multiple Particles

There is a subtlety when you are dealing with the total energy of a system with multiple particles.
The confusion arises in the potential energy.

Example 1.9. Two masses m; and mgy are currently traveling at speeds v; and wvs respectively.
If they are connected by a spring with a zero relaxed length that is currently of length x,
determine the total mechanical energy of the system of the two masses. Neglect friction and
other dissipative forces.

You may be tempted to write down the total energy of each mass, and then sum them together.
By doing so,

1 1 1 1
Eywrong = 5mavt + Sha®, Eywrone = 5mavs + Ska?
Lo L o o o
Eiot,wronG = E1wRrONG + E2,wRONG = 5t + 52 + kx

However, the issue with this is that potential energy doesn’t belong to any mass! Potential
energy belongs to the interaction between the masses. By doing this, you double-counted the
potential energy.

The correct answer only counts the potential energy interaction once, and is
1 2 1 2, 1, o
Bt = §m1v1 + §m2v2 + ikm

To avoid double-counting potential energy, you should always look at the number of pairwise
interactions (between 2 particles) involved, instead of the number of particles!

11
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1.4.5 Partial Derivatives, Forces, and Energy
We may relate a conservative force and its potential energy as such:

ou ou ou
T Yy I z 82

where the 0 symbols denote partial derivatives (i.e. differentiating U with respective to the
stated coordinate, while keeping all other variables constant).

Partial derivatives provide us a way to check the conservativeness of a force. A force
(in 3D) is conservative if and only if
or, O0F, OF, OF, O0F, OF,
oy Ox’ 0z Oz 0z Oy

(23)

The reason why this condition guarantees conservativeness is purely mathematical and requires
vector calculus. You do not need to know the reason, you just need to know this condition.

1.4.6 Stability Analysis

Consider a 1D system in equilibrium. If only conservative forces exist in the system, then

F = —%. Thus, the condition for equilibrium is
dU

We can classify equilibria into three types:

Stable Equilibrium: The body tends to return to its original position after being disturbed.
The force that brings the body back to its original position is called a restoring force. (More
on this will be covered in oscillations.)

The condition for stable equilibrium is

d*U
e 0 (25)

Unstable Equilibrium: Opposite to stable equilibrium, the body tends to move further away

from its original position after being disturbed.

The condition for unstable equilibrium is

42U
<0 (26)

Neutral Equilibrium: In this case, the body neither tends to return to its origin position nor
depart more widely from it.

The condition for neutral equilibrium is

d? d?
diag =0, d—ag =0, and so on... (27)

Note that all higher derivatives must be 0! Only checking the second derivative is insufficient.
Thankfully, neutral equilibrium is rare and you’ll basically never encounter it.

12
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1.5 Ideas

Many tricky mechanics problems involve the use of the following ideas.

1.5.1 Energy and Frames of Reference

No matter what frame of reference you choose, total energy is always conserved! However, it is
quintessential to choose the right frame of reference. Even though total energy is conserved,
kinetic energies and changes in kinetic energy can differ between frames.

The following example illustrates a subtlety with energy between frames.

Example 1.10 (Kevin Zhou). Alice steps on the gas pedal on her car. Bob, who is standing
on the sidewalk, sees Alice’s car accelerate from rest to 10 mph. Charlie, who is passing by in
another car, sees Alice’s car accelerate from 10 mph to 20 mph. Hence Charlie sees the kinetic
energy of Alice’s car increase by three times as much. How is this compatible with energy
conservation, given that the same amount of gas was burned in both frames?

The difference arises due to the change in kinetic energy of the Earth. (Don’t forget it exists!)

In Bob’s frame, the final kinetic energies of the Earth and the car are
2 2
p p
mv Kcar,B - %
where p is the total impulse given to the car (recall that an impulse is a change in momentum).
As the Earth’s mass M is massive, the former is negligible. As the car’s mass m is much smaller

than M, the latter is the only important quantity. This means the gain in kinetic energy of the
Earth in Bob’s frame is negligible.

Kgarth,B =

However, this reasoning doesn’t apply in Charlie’s frame. In Charlie’s frame, he sees Earth
having some initial momentum P, as the Earth is not stationary with respect to himself. Thus,
the change in kinetic energy of the Earth is

P-p?-P>2 P 2
IVt Y

Again, the second term is negligible. However, the first term isn’t, as it is only linear in p!

Thus, the decrease in Earth’s kinetic energy accounts for the increase in the car’s kinetic
energy in Charlie’s frame.

The key lesson from this example is that when we want to find how energy changes in a
small object interacting with a larger object, we should almost always go into the frame of
the larger object. You will need to use this crucial idea later!

1.5.2 Extended Systems

These types of problems are most likely too difficult to come out in a modern SPhO paper, but
nonetheless is very important to learn.

We will be using infinitesimal analysis extensively to analyse how a system changes over a
small amount of time, dt. This method of analysis is especially useful to analyse systems that

are changing in mass. Specifically, we will introduce the impulse-momentum approach.

First, let us look at an example to show why F = ma might not work well.

13
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Example 1.11 (Morin). Consider a cart that has some initial mass and is moving at speed v.
We drop sand vertically into the cart at a rate of o (dimensions of mass per unit time). The
sand has no horizontal speed relative to the cart.. Find the external force needed to maintain
the speed of the cart at v.

If we just blindly apply N2L as per Equation (1), we will find that
F=ma= (m)(0)=0

since the cart is moving at a constant speed. This means that no force is required to maintain
the cart at constant speed v, even though its mass is constantly increasing. However, this is
clearly wrong. Imagine that after a long time, the cart becomes massive - then surely, you would
need to apply an external force to keep it going!

The correct way is to consider the cart + the sand on the cart, with total mass m. Note
that m changes with time. If the mass of the empty cart is mg, then

m(t) =mo+ot = p(t)=(mo+ot)v
Using N2L as per Equation (8),

dp d
—a—ﬁ((moﬁ-at)v)—av

Another correct way is to utilise the impulse-momentum theorem,

Ap: /Ftot dt

which is equivalent to saying

APZZFiAt

This might look similar to %, but it is actually not the same when we do questions. The previous
must be applied to the whole system, whereby here we can define a sub-system, that still obeys
the fact that a system is defined to have the same mass in time interval ¢ to ¢t + At in the time
of our analysis.

In this case, we can define our sub-system as the mass in the cart and an infinitesimal mass dm
that lands in the cart.

dp =vdm
dp dm
& ==
dt dt
F=ov

Alternatively, to solve this problem, you might have considered this expansion

d(mv)  dv dm

F: = R -
a - Ma T Va

(28)
From this equation, we see that F' = ov as well.
However, this is not exactly correct, as our system is not the same at time ¢ and time

t + dt when we have performed our differentiation. Our system at ¢ + dt contains o dt more sand
than the system before that; however, our system cannot change throughout our analysis!

14
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From the above analysis, using the impulse-momentum theorem should be more intuitive
to you. It may be physically weird to perform calculations on the entire system, even when some
part of it is irrelevant, as we have done using %. Instead, we can nicely define a sub-system of
our interest and perform impulse-momentum directly on that sub-system.

Another reason why impulse-momentum is preferred is that % is evaluated at a point. However,

our system is evaluated over a period of time, possibly non-infinitesimal. Hence, it would be

false to use %’ as it is restricted to infinitesimal analysis, while Ap = FAt still works as we

didn’t need to evaluate it at just one point.

Let’s look at another more involved example, showing the power of infinitesimal analysis.

Example 1.12. A helicopter of mass M has rotor blades of length L. It has a net downward
acceleration of a < g. What (constant) speed is it propelling air of density p downwards?

In light of the method above, we define our system to be the helicopter + a small cylinder of
air, with infinitesimal thickness dh above the blade. We consider an instant in time at ¢. This
cylinder of air will be sent downwards by the blade at a time dt later.

L

—

v\{/[?//,/fdh
L,

>dm

Let’s define the speed of the air to be v = % and the speed of the helicopter to be w. Applying
the impulse-momentum theorem,
pf—pi=Fdt

Here, the net force acting on our defined system is just the total gravitational force,
F= (M + prL? dh) g

The initial momentum is due to only the moving helicopter, since the cylinder of air is initially
stationary before it is propelled by the blades.

pi = Mw

The final momentum is due to both the moving helicopter, which acquires a new speed w + dw,
and the moving cylinder of air, which acquires a speed v.

pr = M(w+ dw) + prL*v dh
All in all, we can write
M (w + dw) + prL*vdh — Mw = (M + prL? dh)gdt = Mg dt + prL?g(dh)(dt) = Mg dt
where we have neglected the pmrL?g(dh)(dt) term, as it is second order in infinitesimal quantities.

Thus, rearranging,

d
M dw + prL2vdh = Mgdt = Mdi: + L2 = Mg
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Remembering that % =a and % = v, thus

Ma + prL*v? = Mg

M(g —a)
pm L2

Remark. You may think it is not physical that the blade can push the cylinder of air from a
speed of 0 to v in time dt, as this would require infinite acceleration. However, take note that
the mass is also infinitesimal! So, the net effect is a finite force, which makes sense.

1.5.3 Pulley Problems

One last type of problem you need to know is the pulley problem. Here, you’ll have to take note
of two things.

1. All pulleys are usually assumed to be massless. This means that they must have no
net force, otherwise they would experience an infinite acceleration. However that doesn’t
mean they must have no acceleration! They can still experience a finite acceleration, yet
have no net force, since m = 0.

2. All strings are usually assumed to be light and inextensible. This means that
they have no mass, and cannot be stretched (i.e. have a constant length). The latter is
usually called the conservation of string.

In particular, the conservation of string is very powerful. By knowing how to apply it, you will
be able to get an additional equation, relating all the relevant accelerations.
A recommended guideline to follow to apply conservation of string is as such:

1. Draw datum lines on all the fixed pulleys and relevant moving pulleys.

2. The sum of all lengths on one piece of string is constant. This means that the derivative
with respect to time is zero.

3. When defining length, each new segment or piece of string should have a different index
(x,y,2z). The sign of these lengths depends on whether the string lengthens or shortens (you
have to imagine). We define positive as lengthening, and negative as shortening.

Example 1.13. Relate the accelerations of the block with mass m and block with mass 2m.

Here, we defined the coordinate of the left mass as x, the length of the middle string as —y and
the rest of the three pieces wrapping around the two pulleys as —z.

16
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It is easy to see that —jj = —Z because both pulleys on top are connected to the ceiling
(and are hence immovable).

Then, by point 2, we have
T —y — 3z = constant

and thus, taking the derivative on both sides with respect to time,
T—4§—32=0

We know that a; = & and as = —jj = —Z. Thus, we have a; = —4as.

1.5.4 Perspective

This idea deals with infinitely recurring systems. Of course, we will be tackling the notorious
infinite pulley!

Example 1.14. Consider the infinite pulley set-up below. Find the acceleration of the left-most
mass if everything were initially held at rest and then released.

m@

The key to solving this kind of problems is to recognise the correct perspective to go into
- what characterises the system. In this case, we should go into the perspective of the ceiling,
and find an effective mass that generates the same amount of tension on the first rope as if the
whole system is replaced by the same effective mass! Here is an illustration.

T
top _— Same e + TJ{‘,,,
“tension.

gl — Megy

S T
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From this diagram, it’s clear that when we go into the perspective of the ceiling, we can treat
the infinite pulley as effectively a simple pulley with mass m on one side, and an effective mass
meysyp on the other. The m.ys replaces the rest of the pulley system, which, due to its infinitely
recurring nature, is the same as the whole system itself!

This set-up has to produce the exact same tension as if just an effective mass were to be
hanged. Using this idea, let’s do the problem. The tension in the top string is given by

T’top =2T
since there must be no net force on the massless pulley.

Now, considering the simple pulley consisting of m and mey; (clearly merp > m), N2L gives

2mmeyf

T = , T —mg = = T= e
Mef19 Mefsa g =ma m A+ mesy m -+ mesy

However, at the same time, referring to the rightmost diagram of the pulley,

Tiop = Meyfg
Equating these two expressions, we have

4mme ff

Mefrg = = meff:?)m

m—+ Meff
Thus, the acceleration of the leftmost mass m is given by

3m—m g
azi‘ng
3m-+m 2

Such a thought process (called "self-similarity" in some books) can be used in many recurring
systems, as long as you can identify the correct constant parameter after you have replaced
the 2nd repeat unit (and onwards) by an effective unit. The rest is just algebra.

1.6 References

An Introduction to Mechanics by Kleppner & Kolenkow
Mechanics Handout by Jaan Kalda

Competitive Physics by Wang & Ricardo

University Physics by Young & Freedman

An Introduction to Classical Mechanics by David Morin
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2 Problems

Problems are arranged in roughly increasing difficulty.

Problem 2.1 (SPhO 2016). An experiment is performed to determine the value of the grav-
itational acceleration g on Earth. Two equal masses of mass M hang at rest from the ends
of a string on each side of a pulley (see figure below). A mass m = 0.01M is placed on the
mass of the right. After the heavier side has moved down from rest by h = 1 m, the small mass
m is removed. The system continues to move for the next 1s, covering an additional distance
H = 0.312m. Find the value of g.

Solution. Recall the formula for the acceleration of a simple pulley (assuming ma > my):

ma —my

mi + meo
Here, mi = M and ms = M +m = 1.01M. Thus,

10IM-M 001
T 1o+ m? T 2017

Now, it is a matter of applying kinematics. When the heavier side moves down by h,

v =u?+2as = v=1/0242(a)(1) =V2a

The masses move at constant speed after the small mass m is removed (as there is no net

acceleration), thus
H 0312m

:E_ 1s

= 0.312m/s

v

Combining all the above results,
0.01
20 = (> g=03122 = ¢=9.78m/s’

This appears to be a rather accurate way of measuring g after all!

Problem 2.2 (SPhO 2007). A rocket is projected upwards and explodes into three equally
massive fragments, just as it reaches the top of its flight. One of the fragments is observed to
fall downwards and land on the ground in time ¢;, while the other two land at a time to after
the burst. Determine the height h, in terms of t; and ts, at which the fragmentation occurs.
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Solution. By conservation of momentum, considering the speeds along the y-axis,
Vy1 = 20y2

The kinematic equations for projectile motion give
1 1
h = vyltl + igt%, h = —'Uy2t2 =+ igt%

Combining all the results,

%gtftg totiti=h(t2+2t) = h= ggtéstr;j;z)

Problem 2.3 (SPhO 2007). A column is formed from two marble blocks each weighing 15 kN
sitting atop each other. A rope to which a force F is applied is attached to the top (of the top
marble block). The friction coefficient between the marble and ground is ¢ = 0.15 while the
friction coeflicient between the marble blocks is parasr = 0.20. What is the maximum load Fiuqx
that can be applied, given that the force is applied in the direction in the figure below?

Solution. Drawing the free-body diagram for each block,

To P Bot+om
‘q N, l \/ 'f,
N,
‘F‘ < na “:)-Iv iﬂ

where mg = 15kN and sinf = %.
Writing out N2L for each block,
Top block: Ny =mg + F'sinf, fi = Fcos6

Bottom Block: Ny = 2mg + F'sinf, fo = F cosf

The static friction condition is f < uN, thus

Fcost < pprv (mg+ Fsinf), FcosO < pye (2mg + Fsin6)
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3 4 3 4
SF <020 (mg + 5F> L F <015 <2mg + 5F>

0.20 0.30
F< > mg=682kN, F < ~""mg=933kN
S Qa9 = 082KN, s gremg = 9.38

Choose the lower value of F, since anything above it would cause the set-up to collapse. Thus,

Frar = 6.82kN

Problem 2.4 (SPhO 2012). A platform scale is calibrated to indicate the mass (in kg) of an
object placed on it. Particles fall from a height of 3.5m and collide with the balance pan of the
scale. Assuming that the collisions are elastic (the particles rebound upwards with the same
speed they had before hitting the pan), determine the average scale reading if each particle has
mass 110 g and collisions occur at a rate of 42571,

Solution. As the particles collide elastically, the change in momentum of each particle is
Ap = 2mw

where v = \/2gh is the speed right before collision (after falling through height h).

Using the rate of collisions (denoted as n), we have

dm
E = NMyparticle
Thus, the force on the scale is
dp dm
F= E = 27}% = 2nmparticle V 2gh
As the scale reports the equivalent mass, we divide by ¢ and thus,
2'nlrnparticle Vv 2gh

Scale Reading =

=T7.80kg

Problem 2.5 (Morin). A tennis ball of mass mg sits on top of a basketball with mass mj >> ma.
The bottom of the basketball is at height A above the ground. After the balls are dropped,
what is the maximum height the tennis ball bounces to? All collisions are elastic. Watch this
demonstration for more fun! (You probably worked this out purely in the lab frame. Is there
another frame you can go into for a more elegant solution?)

Solution. First, we will present the lab frame solution. In the lab frame, the balls transfer
momentum as follows:
™, wliides m, collides
™. O | Ggh with ground 0 [Rery wrth My oTV2
" Qimm = OT faav = OV

Note that the velocities involved are y/2gh since the balls fall through a height of A. m; bounces
back up with /2gh as well since the collision with the floor is elastic.

Now, looking at the collision between my and mo, using COM and COR = 1,

miv2gh — mayv/2gh = mivy + move = (M1 —m2) /2gh = miv + mave
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2v/2gh =v9g —v1 = v =vy —2+/2¢gh

Substituting v; into the first equation,

3mq —
(m1 — ma) v/2gh = myve + mavy — 2my\/2gh = vy = o — ma 2gh ~ 3v/2gh

mi + mg
where the last equality follows as mi >> mo.
Thus, the maximum rebound height can be found using COE:
1 v3
imgvg =mogH = H= i =9h

Alternatively, you could have went into the CM frame. The reason why this is useful is because
mq >> mo, thus the CM frame is identical to mq’s frame!

Before collision, the CM velocity is /2¢gh upwards. Thus, in the CM frame, m; is at rest,
while mo has speed 2/2gh downwards. As such, you may think of m; as an "immovable wall".

Since mg collides with the "immovable" m; elastically, it simply swaps the direction of its
velocity while preserving its magnitude. Thus, the speed of mgy after collision is 21/2gh upwards.

Finally, not forgetting to transform back into the lab frame, the velocity is thus 3v/2gh. The
rest of the steps to find the maximum height follow as per the lab frame solution.

Once again, this shows you the elegance of going into the CM frame!

Problem 2.6 (SPhO 2002). A block P of mass m slides along a horizontal frictionless track
with speed v. The block collides with another stationary block Q of mass M, that has a light
spring of spring constant & attached to it. Find the maximum compression of the spring, stating
your assumptions.

Solution. We write down the COM and COE equations:

mv = mup, 5 + Muop s

1 1 1 1
va2 = §mvfn’f + im’l)%w’f ‘l— §kﬂ?2

Maximum compression happens when both blocks are travelling with the same velocity. They
must have no relative velocity for the length of the spring to reach a stationary point (which
must be a minimum, since the spring is being compressed before reaching maximum compression).

Thus, the maximum compression condition is vy, = vas,f = vy. Substituting this in,

muv N mM
Ve = =04 —r
I m+ M k (m+ M)

The main assumption is that during the collision, maximum compression (zero relative velocity)
is reached before the blocks lose contact with each other.
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Problem 2.7 (USAPLO 2019). Two blocks, A and B, of the same mass are on a fixed inclined
plane, which makes a 30° angle with the horizontal. At time ¢t = 0, A is a distance [ = 5 cm along
the incline above B, and both blocks are at rest. Suppose the coefficients of friction (assume
same for static and kinetic) between the blocks and the incline are pg = f and up ‘[ , and
that the blocks collide perfectly elastically. Let v4(t) and vp(t) be the speeds of the blocks down
the incline. Use g = 10m/ s2, assume both blocks stay on the incline for the entire time, and
neglect the size of the blocks. (i) Graph va(t) and vp(t) from ¢ = 0s to t = 1s with a solid
and dashed line respectively on the same graph. Mark the times at which collisions occur. (ii)
Derive an expression for the total distance block A has moved from its original position right
after its nth collision, in terms of [ and n. (iii) From now on, suppose up = \f instead, while
ta remains the same. On another graph, graph v4(t) and vp(t) from ¢ = 0s to t=1s with a
solid and dashed line respectively. Mark the times at which collisions occur. (iv) At time ¢ = 1s,
how far has block A moved from its original position?

Solution. You may find the official solutions here, under Question Al.

Problem 2.8 (Ricardo). N identical men, with total mass m, stand on top of a cart of mass
M initially at rest. When a man jumps off, he jumps with velocity u relative to the cart, in the
opposite direction of the cart’s motion. (i) If all the men jump off at the same time, find the
final speed of the cart. (ii) If the men jump off one at a time, find the final speed of the cart.
You may leave your answer in terms of a sum.

Solution. (i) Let v be the final velocity of the cart. By COM, we have

mu

v+m(v—u) CAl v S

(ii) Let the mass of each man be = %7, and let v; be the speed of the cart immediately after
the ith man has jumped.
After the first man jumps, by COM, we have

U
M+m

M+(N-Dpvi+pvr—u)=0 = v =
After the second man jumps, by COM, we have
(M +m—p)vy = (M +m—2u)ve + p(v2 — u)

You may realise, by spotting a pattern, that for 2 < i < N,

JI;
M+m—(i—1)p

M+m=(i-=Dp)via=M+m—ip)vi+p(vi—p) = vi—vi1=

Thus, using a telescoping sum,

N

N N
UN:Z —vie) ZM+m (i—1)p :Z

mu
N
2 ra ﬁ“w+m(yf%g

Problem 2.9. A rocket of initial total mass M starting at rest gains speed by ejecting fuel.
Fuel is ejected opposite to the rocket’s direction of motion at a uniform mass rate b (mass per
unit time), at a speed u relative to the rocket. (i) Find the speed of the rocket as a function of
time, if the rocket travels in zero gravity. (ii) Find the speed of the rocket as a function of time,
if the rocket travels vertically upwards against a constant gravitational field g. (Hint: Consider
infinitesimal analysis.)
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Remark. After you have done this and the previous problem, you should realise that these
problems are equivalent if we take N — oo!

Solution. (i) The best approach is to consider infinitesimal analysis, as per Section 1.5.2. Let m
be the current mass of the rocket. In a short time interval dt, suppose the rocket ejects a mass
du of fuel (i.e. the rocket’s mass decreases by du).

The fuel is ejected with velocity u relative to the rocket and opposite the rocket’s direction of
motion. Thus, with respect to a stationary observer on Earth, the fuel has a backwards speed of
u— (v 4+ dv) = u— v — dv, as the new speed of the rocket after ejection is v + dv.

Thus, we can write the change in momentum of the rocket 4+ burnt fuel system:
dp=ps —pi = (m—dup) (v+dv) —du(u—v—dv) —mv=mdv—udpy
ignoring all terms that are second order in infinitesimals for the last equality.
As dp = —dm (since the mass of fuel burnt must be the mass lost by the rocket),
dp=mdv+udm

In the absence of gravity, there is no net force acting on the rocket. Thus, there is no change in
momentum (i.e. dp =0). Hence,

dm dv m dm 1 v m v
mdv=—-udm = —=-— = /—:——/ dv = In|—)=——
m u M m u Jo M U

Since the fuel is burnt at mass rate b, m(t) = M — bt. Thus,

= () = (3730
Vv =uin m =ulin M — bt

(ii) All the above logic works up till the expression for dp. The difference is that in this case, the
rocket has a net force of mg downwards.

This net force leads to a decrease in momentum as it opposes the direction which the rocket is
propelling in. Thus, it has a negative sign!

Being careful with signs,

A Ay o gdt = do+u™
a e T T gat=dvru

t v m dm m
fg/ dt:/dv+u/ — = gt:v+uln<>
0 0 M m M

The mass as a function of time is the same as (i), so m(t) = M — bt still. Thus,

1 (M) t =l ( M ) "
v=uln|— ) —gt=uln -
m) 9 M—ut) 7

You might have realised that the results from (i) and (ii) differ just by a —gt term. A faster way
for you to derive the result of (ii) after doing (i) is to use a smarter frame of reference! (We can
do this as the amount of fuel burnt will be the same across different frames of reference.)

Go into the frame accelerating downwards at ¢g. In this case, there is always no net force
acting on the rocket. Thus, dp = 0 in this frame, and this reduces exactly to the scenario in (i).
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Finally, transforming back to the lab frame, we just add a —gt term, as the accelerating
frame is moving with velocity —gt at time ¢.

By getting used to thinking in different frames, it can save you a lot of mathematical crunching!

Problem 2.10 (SPhO 2003). A nucleus of mass M; and kinetic energy K7 moves along the
x-axis and is incident on a stationary nucleus of mass Ms. The collision results in two new
nuclei, one of them of mass M3 and kinetic energy K3, moving at an angle of ¢ to the x-axis
and the other one of mass M, and kinetic energy K4, moving at an angle of 8 to the x-axis. In
the non-relativistic case, show that the Q-value (defined as the difference in energies before and
after the reaction) is

M. M\ 2K (MK
Q—K3(1+M3>—K1< 1)— Lt . A e
4

1-— ==
My My

0s ¢

Solution. By conservation of mass (note that this doesn’t apply if it is relativistic!),
My + My = M3 + My
Now, we write the COM equations along the x and y-axes:
p3sin ¢ = pysind, p; = p3cos @ + pygcosb
Recall that p = mv and K = %mvz. Thus, p = v2mK. With these relations,
V2M5Kssind = /2MyKasin0, \/2M K1 = /2M3Ks5 cos ¢ + /2MaK4 cos 6

By conservation of energy,

Q=K+ Ky — Ky
After grinding through a lot of tedious algebra (typical of SPhO), you will get the desired result.
Problem 2.11 (Ricardo). A thin rough rod OA is fixed at an angle of 30° to the horizontal. A
light inextensible string of length [ has one end fixed at O, passes through a smooth ring B of
mass 2m, and is attached at its other end to a small ring C of mass m which slides on the rod.

The coefficient of friction between the rod and ring C is i. If the system is in equilibrium, find
the least possible distance between O and C.

o}
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Since tension must be constant through the whole string (as it is light and inextensible), the
angles that both tensions make with the vertical must be the same (labelled ) for the ring of
mass 2m, for it to be in equilibrium.

Using N2L, the equilibrium conditions for each of the masses are

mg

2T cos =2mg = T =
cosf

V3 1>N: mg

N cos30° + uNsin30° =T cosf +mg = —+ =
2 8 cos 6

1 3
Nsin30° — uNcos30° = Tsind = L V3) y_ mg
2 8 cos

cosf +mg = 2myg

sinf = mgtan 0

Dividing both equations, we obtain

_@_ 4_\/§
Bl 4341

8 —2v/3
= f=tan | —L°
on (MH)

Now, consider the geometry of the system. Looking at AOBC' below, by the sine rule,

e 2, 4 lmr 2y @
sin120° /37 sin®@’ sin60° /3 N

Rearranging, we find that the desired length of OC is

21 21 8 —2v/3
OC =dy +dy = —sinf = —sin | tan~!
1+ do \/gsm \/gsm<an <4\/§+1>>

Problem 2.12 (Ricardo). Two blocks 1 and 2 rest on a frictionless horizontal surface. They
are connected by three massless strings and two frictionless, massless pulleys as shown above. A
force F' is applied to block 1. What is the resulting acceleration of block 17

m; m, —F

Solution. Since we have a fixed point where the strings are attached to, it is best to draw the
datum line at it. Define our lengths as per the diagram below.
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From conservation of string,
201 + 2ly + I3 = constant = 20, + 25 + l3 =0
Both I and I3 are decreasing at the same rate as m; is pulled. Thus, lul = l3 Hence,
2y +3l3=0 = 2=—3I3
Let T be the constant tension in the long string through the pulleys. Writing the N2L equations,
F —2T = mqly, 3T = —mols
where the factor of 3 comes from there being tension T" from the top string and tension 27 from

the bottom string on msy.

Solving the equations,

m2l3 2 . 4 . . . A
T=_"28 o P =F—cmaly=mily = ly—a=——
3 323 g 22T R 2T T i dmy

Problem 2.13. Two masses of m; > mgy are connected by a string, and the string is placed over
a rod of radius R, essentially forming a pulley. The coefficient of friction (assume same for static
and kinetic) between the string and the rod is g. The rod is fixed and cannot rotate. What
is the largest ratio % before the string starts to slide? This set-up is linked to the Capstan
equation, used by sailors to anchor their ships effectively. (Hint: Consider the forces acting on
an infinitesimal piece of string, and balance them.)

Solution. As per the hint, consider the forces acting on an infinitesimal piece of string spanning
angle df, with length R df. The free-body diagram is drawn below:

It is important to realise that tension acts along the string, so the tensions act at angles %9

to the "horizontal" (you can prove this by geometry). Additionally, since there is friction, the
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tension is non-uniform across the string, and is a function of 6, denoted as 7' (6).

Balancing forces along the "horizontal" and "vertical" directions,

W+T(9)sin<d29> +T(9+d9)sm(dj) - N

T (6 + df) cos <d20> =T (0) cos <d29> + f

We can further approximate these expressions. Firstly, sin (d—;) = % and cos (d—;) =1 since we
may ignore all terms second order and above in infinitesimals. Secondly, since W is a finite,
constant force regardless of how hard the pull is, while 7" and N are non-constant and can be

made arbitrarily large, we can neglect W in the first equation.
With this in mind, the equations become

N == (T (0)+T (6 + db)) df

N =

F=T(O+do)—T(0)

To relate these together, we use the static friction condition f < uN:
T(0+do) —T () < g(T(H) +T(0+db)) do = uT (0) db

Dividing both sides by df and taking the limit df — 0, by the definition of the derivative,

_ T(O+do)—T(6) dT dT
a5, do G

As we want the maximum case, we take the equality and integrate across the semi-circle,

Ty dT 0 T T
— = dd = In|(—=|=ur = —=¢e'"
n T /0 s <T2> i Ty

For the string to not slide, mq and mo are in equilibrium, thus mig = 77 and mog = T5. Thus,

my T

21 ourm

my T
Problem 2.14. A perfectly flexible uniform chain of mass M and length L is suspended vertically
with its lowest end barely touching the ground. It is released and crumples onto the ground.

Determine the normal force as a function of time. (Hint: Each link of a perfectly flexible chain
crumples when it hits the ground, without pulling the rest of the chain downward with it.)

Solution. The perfectly flexible condition means that tension in the chain vanishes, since the
links that crumpled do not pull the chain along with it. Thus, the vertical part of the chain is
always in free-fall, accelerating downwards at g.

Let = be the distance the chain has fallen. By conservation of energy/kinematics, the lowest end
of the chain moves at a speed
v = /29

Thus, in a time dt, the mass that has fallen onto the ground is

M M M
dm = fdx = fvdt = f\/ZQxdt
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As this piece goes from speed v to speed 0, the magnitude of the change in momentum of this
piece is
M
dp=(v—0)dn=vdm = f(ng) dt
The force required to stop the links falling onto the ground is thus

dp  2Mgzx
dt L

Fstop =

Not forgetting the force to balance the weight of the links already on the ground,

_ Mgx
L

Ey
Thus, the total normal force is

t2

3Mgxr  3Mg <1 t2> B 3M g?

F=F g oMar
stop + L L \2Y 2L

Problem 2.15 (SPhO 2006). A raindrop is falling through a cloud of water droplets. It gains
mass as it falls, as the water droplets adhere to it. If the mass of the raindrop is proportional to
the distance z it travels in the cloud, show that the equation of motion is

d’x N (daz)z
T—s — | =gz
az " \at) ~Y
Given that the proportionality constant for the mass is kK = 2 g/m, find the mass of the raindrop
at t = 0.5 s. (Hint: Consider a smart ansatz!)

Solution. The mass of the raindrop is m = kz. Thus,

dp d 2 d2$ dx 2
= = Fr=——=_—_ — — _ _
P mv kxv = ; ; (kxv) k (CL:U +v ) k (.%' th + ( ’t)

The only force acting on the raindrop is gravitational force, so F' = mg = kxg. Thus,

i i d*x . (da:>2 N d*x L <dw)2

rg=k|rz— — T—s — | =gz

g a2 "\ dt az " \at) ~Y

The rest of the question is mathematical. In general, an ansatz you should consider is a simple
polynomial guess, x = At™, where A and n are constants to be determined. Using this,

(A7) () (0= 1) (A"2) 4 (nAr=) = g Al = n(n - 1) AT 42 A2 = gAr
n(n—1) A2 4 np2A 2 =g
For this to hold for all times ¢, we require
n—2=0 = n=2
nn—1)A+n*A=g = 24+44=g = A:%

Thus, the mass at t = 0.5s is
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Problem 2.16 (Ricardo). A small bead is put on a frictionless hoop which is rotating with
angular speed w. The bead rotates with the hoop with the same angular speed. Let 6 be
defined as per the diagram below. (i) Using forces, determine the value(s) of  that correspond
to equilibrium. (ii) Using potential energy, determine the value(s) of 6 that correspond to
equilibrium. (iii) Determine the type(s) of equilibrium for the equilibrium angle(s) obtained.

=

N ulnht 4

Solution. (i) Go into the rotating frame of the hoop. In this frame, the hoop and bead are not
rotating, and the bead is in equilibrium. There is an outward centrifugal force, F,., to make
this possible. Thus, we can draw the free-body diagram of the bead:

The centrifugal force is given by

2

F. = mw?r = mw?Rsin 6

Balancing forces in the x and y directions, we have
mw?Rsin 0 _ w?Rsin 6

Nsinf = F, = mw?Rsinf, Ncosf =mg = tanf = =
mg g

Now, we have 2 cases for sin 6.
1. sinf® =0 : In this case, § =0 or 0 = 7.
2. sinf # 0 : In this case, § = cos™! (ﬁ), provided w?R > g.
Hence, there are 3 equilibrium values of 8 stated above. Don’t miss out the sinf = 0 case!
(ii) Using potential energy, the GPE (taking the bottom of the hoop as the reference point) is
Uy =mgR (1 — cos?0)

However, that is not all! Recall that we have the centrifugal force. Since w is kept constant, the
centrifugal force depends only on the radial distance, 7.

Thus, we may ascribe the centrifugal potential energy, U.,:

r r r 1 1
U, = */ F.-dr = —/ F.dr = —/ mw’rdr = —=mw’r? = ——mw?R?sin? 0
0 0 0 2 2
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whereby we have set the reference point to be r = 0. (The choice of reference point doesn’t
matter; it’ll only make the potential function differ by a constant, which is meaningless as we
will be differentiating it anyway!)

Thus, the total potential energy is
1
U=U;+U.=mgR (1 —cosf) — §mw2R2 sin? @

At equilibrium, % = 0. Thus,
w_d
g — db

You may solve this equation for 6, and you will get the same answers as obtained in (i).

1
(ng (1 —cosf) — §mw2R2 sin? 9) = mgRsinf — mw?R?sinf cosf = 0

d*U.

(iii) Using potential energy, we can check the stability of each equilibrium. We find %

d’U  d
07— a0 (ng sin @ — mw?R? sin 0 cos 0) = mgR cos 0 — mw? R? cos? 0 + mw?R?sin” #
= mgRcos § + mw?R? — 2mw?R? cos? 0
When 6 = 0,
2
% = mgR — mw?R?

Thus, it is stable when w?R < g, and unstable when w?R > g.

When 0 =,
d*U
dp?
As this is always < 0, it is always unstable.

= —mgR — mw’R

When 6 = cos™! (ﬁ),

d*U 9 2 p2 2292 22 g 292mg2
where the first inequality holds because we must have w?R > g for 6 to even be defined. As this
is always > 0, it is always stable.

This example shows you that using either forces or potential energy can lead to the right
solution. However, it is easier to analyse the stability of the equilibria with potential energy. In
general situations, you should just choose the method that is more tractable!

Problem 2.17 (SPhO 2007). You have 5 blocks of dimension 1 m by 1 m and 25 mm thick.
What is the furthest overhang from the edge of a table before they topple? (You can arrange
the blocks in any orientation; the figure below is slightly misleading. The longer length of the
blocks in the figure below might not be 1 m!)
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Solution. The idea behind this problem is to achieve maximum overhang while ensuring the CM
of the blocks does not extend beyond the table. Since the blocks can be arranged in any
orientation, it’ll be most optimal to arrange them with their diagonals extending out from the
table, as shown below:

+able

%
N M

block

You may watch this video for the solution’s thought process. By spotting a pattern, you should
realise that for 5 blocks,

J \/i( 1 1 1 1
mar—2

1+-4+-4+-+-) =182
+2+3+4+5) m

In general, for N blocks,

n=1 n

V2 (S 1
dmaa::2<z>

Interestingly, the maximum overhang grows without any bound (i.e. to oo) as N — oo! This is
called the harmonic series.

Problem 2.18. A smooth wedge, whose central cross—section is a triangle ABC, right-angled
at C, rests with the face containing AB on a smooth horizontal plane. When the wedge is
held fixed, a particle released from rest takes a time t; to slide the full length of C'’A. The

t
corresponding time for C'B is t3. Show that tan A = t—z, and find AB in terms of ¢; and to.

1
If the mass of the wedge is n times that of the particle and the wedge is free to move, show that
the time of sliding down C'A becomes

t2
by 1 - L
(n+1)(t% + £3)
Solution. Put AC' = x; because ZC = 90° we have BC = xtan A.

(i) Wedge held fixed

L &
) t
AN
f
Along C'A the acceleration is gsin A, so
x = %gsinAt%. (1)
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Along CB the acceleration is gsin B = g cos A, whence

rxtan A = %gcosAt%.

Dividing (2) by (1) gives tan?A = (t2/t1)?, so

t
tanA:—2.

t

Using AB = AC'sec A and (1)—(2),

1
AB:%gsinAt%secA:%gtltg, ABzigtltg
(ii) Wedge free to move, myedge = N
Mouing Frpae — %,

ay := horizontal acceleration of the wedge (to the right),

a1 := particle’s acceleration down the slope relative to the wedge.

The forces on the particle, resolved down the incline, are

mgsin A + magcos A = may. (3)
(The second term is the component of the fictitious force mag along the slope.)

Total horizontal external force is zero, so the centre of mass has no horizontal acceleration. We
first find the horizontal acceleration of the particle in the lab frame.

2

- -

L
]

A v
A, (0SA—0z

Taking rightward as positive, conservation of momentum in the lab frame gives

nm as

m(ay cos A — ag).

(4)

Note: here a; cos A is the relative horizontal component (leftwards), and we add the wedge
acceleration as to convert to the lab frame.
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Equation (4) gives
aicos A
o417

Substitute (5) into (3):

ZA ZA
a; = gsinA—l—%, = a1<1_cos )zgsinA.

n+1 n+1

Hence .
gsin A

) 6
1_cosQA (6)
n+1

a)p =

The distance x = AC is unchanged:

1w 2 _ 1, 42
r = 5gsin At] = 5a;t°.

Divide to obtain

o _gsinA , 24 ;2
= = (1- i)

2

t
1 5 and tan A = t5/t; from part (i):

Using cos?A = ——1+
& 12+ 1

t

t:tIJ D)

Problem 2.19. Determine the acceleration of all the masses in the setup below.

Solution. Number the three equal masses from left to right in ascending order my, mso, mg. The
crucial point is that the string segment above the middle mass is distinct from the segment below
it, so their tensions differ. Let

T} = tension above mso, T5 = tension below ms.
Applying Newton’s second law to each mass (downward positive):

may = mg — 11,
mag = mg + 1o — 11,

mag = mg — 275.
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Because there are two separate string loops we obtain two independent relations among the
accelerations:

as = —ajq, 2&3 = as.

Solving the five simultaneous equations gives

(The signs indicate that mq accelerates upward while ms and mg accelerate downward.)
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3 Advanced Problems

These problems are way too difficult to be tested in a modern-day SPhO. If you have completed
all the previous problems and are down for a challenge, try these!

Problem 3.1 (Indonesia). Three identical cylinders, each of mass m, are arranged on the
ground as shown in the figure below. A force F' is applied horizontally at the bottom left cylinder
at the same level as its centre of mass. If all surfaces are smooth, determine the minimum and
maximum values of F' in order for the three cylinders to remain intact.

Solution. Label the cylinders 1,2 and 3, with 1 being the top cylinder, 2 being the bottom left,
and 3 being the bottom right.

Consider all three cylinders as our system. If they remain intact, all of them will have the same

acceleration, given by
F

~ 3m

Thus, the net force acting on each of them must be
F
Fret = ma=—

Let the magnitudes of the normal forces be Ny2, No3 and Ni3, where N;; is the normal force
between cylinders 7 and j (note that N;; = Nj; in magnitude).

We can write out N2L in the x-direction for each cylinder:

F
F — Ni3c0s60° — No3 = ma = 3

F
Ni9c0s60° — Ni3c0s60° = ma = 3

F
Ni3c0s60° + Noz = ma = g

Additionally, if the system remains intact, cylinder 1 should have no vertical acceleration, so

2myg

=

Ni2sin60° + Ny3sin60° = mg = Nig+ Nig =
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Solving all the equations, you should eventually obtain:

F  mg

Nig = —
12= 3 + 73
mg F

Niyq = —2 =
13 33
F mg

For the cylinders to stay intact, the condition is that all the normal forces should be > 0. Thus,

r
Nig>0 = ——I—@>O = always true

3737
mg F

13 = 33 = g
Now >0 . ; mg>0 N >mg
%= 2 2\/3_ _\/g

Thus, the minimum and maximum values of F' for the cylinders to remain intact are

mg

V3

Frin = 5 Fmax:mg\/g

Problem 3.2 (Ricardo). A uniform inelastic string of length L = 6.00 m initially lies stretched
out on a horizontal table, perpendicular to the table edge. If the coefficient of static friction
between the string and the table is s = 0.500, what length of the string must hang over the
edge before it begins to slide off the table? The answer is not 2.00 m/

Solution. Let us first see how to get the wrong answer of 2.00 m.
Let the mass per unit length of the string be A. Suppose that a length x of the string is

hanging off the table right before it slips. Thus, the gravitational force acting on the length z is
balanced by the static friction acting on the length L — x.

We want the maximum static friction, which is given by

fmaz = psN = psA (L — ) g
Thus, balancing forces,

pos L

= =2.00m
1+ ps

psA(L—z)g=Arg = =

However, this is wrong as we have failed to account for the extra friction at the table edge! The
string turns through an angle of 90° around the (slightly) rounded table edge.

Now, let us see how to get the correct answer. At the table edge, we have:

Ty
T2
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Applying the results of Problem 2.13 with § = 5, we have

KsT

T2 :Tle 2

Writing N2L for each of the two segments of the string,
Arg — 1o = Axa

Ty —pusA(L—x)g=A(L—x)a
By invoking all three equations above, we can obtain
HsT

a::ﬂ—,us(L—:U)e 2

HsT

x+(L—x)e>
At equilibrium, a = 0, thus
KLsT
1+ pse 2

Remark. You might argue that the rounded corner of the table edge is likely very small, and
hence this effect may not be significant. However, as per Problem 2.13, the Capstan equation
doesn’t depend on the radius, and only depends on the angle! Thus, its effects are still appreciable
(you can see the rather big difference between the correct and wrong answers to0o).

Problem 3.3 (BAUPC 2004). A point particle of mass m sits at rest on top of a frictionless,
movable hemisphere of mass M, which rests on a frictionless table, as shown. The particle
is given a tiny kick and slides down the hemisphere. Write an equation involving the angle 6
(measured from the top of the hemisphere) where the particle loses contact with the hemisphere,

and solve this equation for # in the special case where m = M. (You need not solve this equation
when m # M.)

Solution. You may find the official solutions here, under Problem 4.
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4 Appendix

4.1 Finding Total Energy from N2L
Let’s start by recalling a fundamental relationship in classical mechanics, N2L:
F=ma

In this case, force is a function of displacement to ensure the possibility of the force being
conservative. It is crucial to recall that a potential function can only be assigned to a conservative
force. Hence F = F(r).

Moving on, to solve this vector differential equation, we astutely observe:

dv
=v— 29
a=v (29)
Hence,
dv
F= —
mv— (30)
and separating the variables,
F.-dr=mv-dv (31)

Then, integrating both sides (on the left, we integrate from rp to r; on the right we integrate
from vq to v),

r v
/F-dr:m v-dv (32)
ro Vo
r 1 1
/F-dr:fmv-v—meO-vo (33)
ro 2 2

Now we use the fact that v - v = v? and v - vo = v to simply the expressions to:

’ L oo 1 9
/ F - dr = —mv° — —mug (34)
ro 2 2
Rearranging the terms:
1 1 r
—mud = —mo? — / F - dr (35)
2 2 o

From Equation (35), we can observe that the term on the left is a constant that is dependent
on the initial conditions. We then define this term to be the total energy of the system that is
always a constant.
1
E = imvg = constant (36)

Furthermore, we can define the second term on the right to be the potential energy:
r
U(r) = —/ F - dr (37)
ro

Combining these with Equation (35), we can obtain the expression for total energy:

Jop %mqﬂ +U®) (38)
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4.2 Do External Forces Contribute to Potential Energy?

Let’s recall the electric potential energy in Example 1.8.

For ¢ and @ both being positive, in order for ¢ to move from infinity to an arbitrary ra-
dial distance r away from @, there has to be an external force that is at least the same magnitude
as the electrostatic force and opposite in direction (pointing radially inwards). Let’s call it Fy;.

However, as we have defined potential energy to be
r

Ulr) = — / F.dr (39)
ro

where F is the net force on the particle, why did we simply ignore the "potential energy" due to
this force?

If you are clear in your energy concept, this question may sound very silly. But it is still
a valid question nonetheless. This reasoning is false because we have defined U(r) as the
potential energy of the electrostatic field produced by @ and not the total "field" on ¢q. Thus, we
naturally discard the potential contributed by the external force.

However, sometimes we cannot discard the term contributed by the external force!
Here is an example. (If you find this confusing, you can come back to this section after learning
electromagnetism.)

In the classical theory of electrodynamics, since the E-field produced by an electrostatic field is
a conservative field, we can say that

% Estat . dI‘ =0 (40)
C

Let’s define any force per unit charge to be f. Here f = E. In a circuit with a battery and wires
connecting the two terminals of a battery, point A and B, we can compute the electromotive
force (emf) by definition:

A A
g = 7{ (fstat + fnon) -dr = 7{ fstat - dr + / fnon ~dr = / fnon -dr (41)
C C B B

So, here you clearly cannot ignore the driving external force!

4.3 Single vs Multiple Particle COE

The idea of potential energy and how it is defined comes hand-in-hand with the notion of
conservation of energy. More specifically, we define potential energy to quantitatively understand
a conserved quantity known as total energy, which we empirically observed to be conserved from
experiments.

Conserved quantities are the "god mods" in physics. Without them, we can practically do
nothing. (Although everything in classical mechanics can, on paper be done using Newton’s laws,
the mathematics simply becomes too complicated to handle.) This is the precise motivation of
how we define it, to be able to use these conserved quantities to solve problems we face rigorously.

Let us look at single particle COE first. Recall Equation (35). Since total energy is con-
stant:

1 1
B~ E = gmv*(wy) + Ularz) = gme*(a1) = Ular) =0
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—mw?(z9) — =ma?(x1) = U(zy) — Ul(xo)

1 1 x2
—mv?(xg) — —mu?(zy) = / F.dr
2 2 x1

@2

= Work

xr1

Thus it is not hard to see:

AKE = Workeg (42)
Or alternatively:

AKE+ APE =0

Most of the confusion comes about when there is more than one particle involved. In this case,
we have to be careful to not double count potential energy, and to do so, we have to be clear
about what we define to be the system of interest.

We saw an example of double-counting in Example 1.9. Now, let’s approach it quantita-
tively. Let’s start off simple with a two-particle system.

The force on the " particle by j particle is a function of the separation vector between
them:
Fij = Fij(r; — 1))

Now, due to the system of interest containing more than one particle, the external work consists
of work done by an external agent and work done due to other particles in the system. Hence
the work-energy theorem of particle one is:

WL, + Wy = ATy

ext

Hence the work-energy theorem of particle two is:
W2, + Wis = ATy

ext

When combining these two expressions:
(Weat + W) + (War + Wig) = ATy + 1)
ri ra1
Weat + / Fi2 - dry + / Fy - dry = ATy
rio r20

Here is where the magic happens. First, we recall that by Newton’s Third Law, Fio = —F5;.
Hence we can rewrite our expression to:

rii ra21
Wit + / Flo- dry — / Fio - drs = ATy, (43)
rio r20

Next, to convince you that what I am about to do is true, let’s consider more fundamental
mathematics. Let’s define z = z 4+ y. From the product rule, dz = %c& + g—;dy and from

z=x+v, %:%:1. Thus dz = dx + dy and d(z + y) = dz + dy.

Going back to our example, we have Fis-dr; — Fio-dra. We can the factorise the force
out and obtain:
F12~(dr1 — dI'Q)
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From what we concluded before, albeit not very rigorous mathematically, but enough for our
purpose, we can then rewrite this as:

Flg‘d(rl — 1‘2)

Then we can express:
rip1—rai
Weat + Fio-(dry —dry) = AT

rjo—r2o

Now if we define the potential energy between particle one and particle two to be:
rjp—rai
Ulg = —/ F12~(d1‘1 — dI‘Q)
rio—r2o

We can rewrite everything in a very simple fashion:
Weat = AT’tot + AUl?

To make things more clear what Uiz is, let us define ' = r; — ro, then it is clear that U;o only
depends on the relative separation of the particles. So we can hold one particle fixed and bring
the other from the origin to r’

ry
U12(I'1 - 1‘2) == —// F12 . dI',
o

This also explains the spring example we had.

Now finally we can move on to a multiple-particle system. All the precious work we have done
makes the transition extremely effortless. We simply claim that for an N particle system, the
total internal potential energy associated with the interactions between pairs of particles is:

N
Uine = > Usj
i<j

Thus, the work-energy theorem for a multi-particle system with only conservative force is:

Workey = ATvor + AUjnt

Alternatively,
Ajjtot + AUezt + AUznt =0 (44)

Now we will be presenting a crucial example that wil be enlightening.

Example 4.1. A satellite is initially in orbit around the Earth at some height h, but it activates
its propulsion rockets and eventually transits to some higher orbit A’ > h. You are not given the
intermediate trajectory of the satellite. Assume all orbits are circular. Did the force due to the
rockets do work on the satellite? If so, is it positive or negative? Did the Earth’s gravity do
work on the satellite? If so, is it positive or negative?

Solution. Firstly, the force on the rocket obviously did positive work on the satellite because it
is propelling it. Secondly, the gravitational force did negative work on the satellite because the
satellite moved in the opposite direction as the force.

Let us first consider the satellite as the sole object in our system. Work.,: in this case consists
of Workgraw + Work,ocke: and there is no change in internal energy. Hence our conservation of
energy statement becomes:

Workgraw + Workpocker = AT
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AT + AUgrav + AUrocket =0

Next, let us consider the satellite and rocket system. Worke,; in this case consists of Workg,q.
only as our AUt = AU,ocket- This can be a change in the chemical potential energy of the
rocket. Hence our conservation of energy statement becomes:

Workgrav = AT + AUrocket

AT + AUgrafu + AUrocket =0

Lastly, let us consider the satellite-rocket-planet system. Work.,; in this case is zero as there is
no external force in our system. AUjps = AUyocket + AUgrav- Hence our conservation of energy
statement becomes:

AT + AUg’r‘CLU + AUrocket = 0

As you can see, no matter how we define our system, as long as we are meticulous with our
work, we will arrive at the same answer regardless.
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